A topological space X is called Urysohn if any two distinct points of X have disjoint closed neighbourhoods, and almost regular if there exists a dense subset of X at every point of which the space X is regular.
A) The space S. Let T be a countable, connected, locally connected Urysohn space and let p be a fixed point of T .
To every point t ∈ T we attach a copy R t of the space R = T \ {p}, identifying the point t with p.
In the set I 1 (T ) = T ∪ t∈T R t we define the following topology: The points in R t , t ∈ T , keep their own bases of open neighbourhoods. For a point t ∈ T , let B(t) denote a basis of open neighbourhoods of t in T . If we set
It can be easily proved that I 1 (T ) is countable, connected, locally connected and Urysohn.
In the same manner we construct the spaces I 1 (R t ) = R t ∪ s∈R t R s , and in the set I 2 (T ) = T ∪ t∈T I 1 (R t ) we define a topology in exactly the same manner as in I 1 (T ). By induction, we construct the spaces I 3 (T ), . . . , I n (T ), . . . , and we consider the set S = ∞ n=1 I n (T ). Observe that in the set J consisting of the initial space T and of all copies of R = T \ {p} attached to the spaces T ,
is a partial order such that the set of all predecessors of any element of J is well-ordered by ≤. Hence (J, ≤) is a tree whose first level is the initial space T .
In S we define the following topology:
is open in I n (T ) for every n = 1, 2, . . ., and there exists a natural number m such that for every s ∈ U ∩ (I m+1 (T ) \ I m (T )) the tree whose first level is the copy R s attached to s, is included in U . It can be easily proved that S is countable, connected, locally connected and Urysohn.
B) The space S * . Let G be the set of all countable open non-accumulating filterbases of S "generated" by chains (i.e. well-ordered subsets) meeting every level of J. Thus, if p ∈ G, p = {p k }, k = 1, 2, . . . , then each p k is an open set of S identified with the tree whose first level is the copy
. . , and
. ., then the points t k−1 , k = 1, 2, . . . , to which the sets p k are attached correspond to a constant sequence in T .
Consider the set S * = S ∪ G * . It can be easily proved that if U is an open subset of S and U * = U ∪ {p ∈ G * : U includes a member of p}, then B = {U
* : U open in S} is a basis for a topology in S * . By the definition of G * it follows that S * is Hausdorff (for, if p, q ∈ G * and p = q then there exist p k ∈ p, q n ∈ q such that p k ∩ q n = ∅, and if p ∈ G * and x ∈ S then there exist p k ∈ p and an open neighbourhood U of x such that p k ∩ U = ∅).
Obviously, for every open set U * of S * , we have
Proposition. The space S * is countable, connected , locally connected , Urysohn and almost regular.
P r o o f. S
* is countable because G * is countable; connected, because S is connected and dense in S * ; locally connected, because if U is open connected in S, then U * is open connected in S * (since U is dense in U * ); Urysohn, because S is Urysohn and from (a), if x ∈ cl S * U * \ U * then x ∈ cl S U \ U ; regular at every p ∈ S * \ S, because if U * is an open set containing p, then there exists a natural number k such that p k+1 ⊆ cl S p k+1 ⊆ U , which implies p ∈ p * k+1 ⊆ cl S * p * k+1 ⊆ U * (since, from (a), cl S * p k+1 = cl S p k+1 ∪ (p
